In this article, we consider the linear operator equation Ax − zx = y in a Banach space. The relative perturbation of the solution x corresponding to the perturbation of y, the perturbation of A and the perturbation of both A, y are characterized from the pseudospectrum and the condition pseudospectrum of A. Certain examples are given to illustrate the results. A relation between the pseudospectrum and the condition pseudospectrum of an operator are established. The distance to instability and the distance to singularity of an operator are also found from the condition pseudospectrum of the operator.
Introduction
Throughout this article X denotes a complex Banach space and BL(X) is the Banach algebra of all bounded linear operators on X. Define I := {zI : z ∈ C}, where I is the identity operator in BL(X). The spectrum of an operator in BL(X) is generalized in many ways for various applications. The pseudospectrum and the condition pseudospectrum are two important generalizations of the spectrum of an operator. Hence σ(A) ⊆ Λ (A) for each > 0 and >0 Λ (A) = σ(A). For more properties and various applications of the pseudospectrum one may refer to [9] . Compare to several other generalizations of the spectrum, the condition pseudospectrum is proved to be algebraically close to the spectrum. Hence the condition pseudospectrum is useful to study the perturbation analysis of operators of BL(X). For more properties of the condition pseudospectrum one may refer to [1, 3, 4, 5, 6, 7] .
Let A ∈ BL(X). Consider the linear operator equation Ax − zx = y where x, y ∈ X and z ∈ C. The purpose of the article is to characterize the perturbation of the solution x corresponding to the following perturbations from the pseudospectrum and the condition pseudospectrum of A.
(1) the perturbation of y (2) the perturbation of A
(3) the perturbation of both A and y
The following is an outline of the article. In section 2, we consider certain linear operator equations Ax − zx = y to illustrate that the perturbation of the solution x corresponding to the perturbation of y, perturbation of A and perturbation of both A, y depends on the pseudospectrum and the condition pseudospectrum of the operator A. In section 3, an upper bound and lower bound is found for the relative perturbation of the solution x corresponding to the relative perturbation of y from the condition pseudospectrum of A (Theorem 3.1).
An upper bound is found for the relative perturbation of the solution x corresponding to the relative perturbation of the operator A from the pseudospectrum of A (Theorem 3.3) and the condition pseudospectrum of A (Theorem 3.5). An upper bound is found for the relative perturbation of the solution x corresponding to the relative perturbation of both A and y from the condition pseudospectrum of A ( Theorem 3 .7) . Certain examples are also given to illustrate the results. In section 4, a relation connecting the pseudospectrum and the condition pseudospectrum of an operator in BL(X) is given as set inclusions. The distance to instability of an operator in BL(X) is also characterized from the condition pseudospectrum of the operator. In section 5, the distance to singularity of an invertible operator in BL(X) is characterized from the condition pseudospectrum of the operator.
Preliminaries
Let A ∈ BL(X). Consider the the linear operator equation In Figure 1 
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In Figure 
Proof. Then
.
Proof. If λ ∈ σ(A) and z ∈ C. Then λ − z ∈ σ(A − zI) and |λ − z| ≤ A − zI . Also
The following theorem finds an upper bound for δx x , δx x+δx from the condition pseudospectrum of A + ∆A, A respectively. If z / ∈ σ (A + ∆A) for some 0 < < 1. Then
where κ(z, A + ∆A) is defined above.
where κ(z, A) is defined above. Then
Proof. We have (A − zI + ∆A)(x + δx) = y + δy.
From Theorem 7.12 of [8] ,
Suppose z / ∈ σ (A) for some 0 < < 1. Then
Hence
The following table gives the estimates of the relative perturbation of the solution x for various values of z. The table also gives the upper bound for δx x found from the condition pseudospectrum of A. The following lemmas find the relation connecting the pseudospectrum and the condition pseudospectrum of an operation A ∈ BL(X). Proof. Suppose z ∈ Λ (A) for some > 0. Then (A − zI) −1 ≥ 1 and
From Lemma 3.4, Proof. Suppose z ∈ σ +2 A (A) for some > 0. Then
The following theorem finds an upper bound and lower bound to the distance to singularity of an operator A ∈ BL(X) from the condition pseudospectrum of A. The following is an equivalent definition of the pseudospectrum of an operator in BL(X) [9] . Proof. Suppose 0 / ∈ Λ (A) for some > 0. Then 0 / ∈ σ(A) and A −1 < 1 . Hence A = 0 and A A −1 < A . Thus 0 / ∈ σ A (A). The proof of the reverse inclusion is quite similar.
The following theorem characterizes the distance to singularity of an operator A ∈ BL(X) from the condition pseudospectrum of A. 
